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The Tangent and Velocity Problem

1. The point P(1, 3) lies on the curve y = 1 + = + 2.

(a) If Q is the point (z, 1 + x + 22), find the slope of the secant line PQ for the following values of z:

x 1.5 | 1.1 | 1.01 | 1.001
Slope
T 0.5 109 | 099 | 0.99
Slope

(b) Using the results of part (a), guess the value of the slope of the tangent line to the curve at P(1, 3).

(c) Using the slope from part (b), find an equation of the tangent to the curve at P(1, 3).

2. If aball is thrown into the air with a velocity of 40 feet per second, its height after ¢ seconds is given by y = 40t — 16¢2.

(a) Find the average velocity for the time period beginning when ¢ = 2 and lasting:

0.5 seconds

0.1 seconds

0.05 seconds

0.01 seconds

0.001 seconds

(b) Use the data from part (a) to estimate the instantaneous velocity when t = 2.




3
3. The displacement, in feet, of a particle moving in a straight line is given by s = r where t is measured in secnods.

(a) Find the average velocity for the following time periods:
(1.3]
(1.2]
[1,1.5]
[1,1.1]
[1,1.01]

[1,1.001]

(b) Use the data from part (a) to estimate the instantaneous velocity when ¢t = 1.



The Limit of a Function

1. For the function f whose graph is given below, state the value of the given quantity, if it exists.

»
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IS

(@) lim f(z)
®) lim f(z)
(© lim f(z)

(d lim f(z)

rz——11

© lm f(z)

r——1"
() lim f(z)

(@ f(=1)

(h) Describe the relationship between the limit of a function as  — a and f(a).



2. For the function f whose graph is given below, state the value of the given quantity, if it exists.
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® lim f(z)
© mhgi f(z)
d f(4)

(© lim _f(x)

r——5+1

® lim f ()

(@) lim_f(z)

(2 f(-5)



1—2 if <0

1 S0 and find a-d below.

3. Sketch the graph of f(z) = {

@ lim f(z)

© lim f(x)

(d) f(0)

Use your calculator’s listing capabilities to evaluate the function at the given list of values. Use the information to esti-
mate the value of the limit.

—1
4. g(r) = 5 with = = {0.2,0.4,0.6,0.8,0.9,0.99,0.999} and x = {1.8,1.6,1.4,1.2,1.1,1.01, 1.001}

Estimate li .
stimate lim g(z)

1-—
S flz) = % with = = {1,0.5,0.4,0.3,0.2,0.1,0.05,0.01,0.001}

and z = {—1,-0.5,-0.4, —0.3,-0.2, —0.1, —0.05, —0.01, —0.001}

Estimate lim f(x).
z—0

Estimate the following limits using lists of values.

1
6. lim

z—=5+ T —H




Limit Theorems

1. Evaluate: lim (522 — 2z + 3)
z—4

2. Evaluate: lim (22 + 1)(2? + 4x)

z—2

3. Evaluate: ng} 122 + 47 — 3

4. Evaluate: lim x3+2x+7

rz——1

5. Evaluate: lim (¢4 1)°(t* — 1)
t——2

3
6. Evaluate: lim { M
w——2 3w + 10

2 —6
7. What’s wrong with the statement 96-&-7962 =z +3?
T —



2
. . . rz°+x—06
8. Is there anything wrong with the statement lim ————
T—2 xr—2 T—2

= lim (= + 3)? Explain.

2
9. Evaluate: lim rort12
rz——3 x+3

2
—x—2

10. Evaluate: lim ror—=

rz——1 x+1

3 _
11. Evaluate: lim
t—11t2 —1

AV
12. Evaluate: lim w
h—0

4 p—
13. Evaluate: lim w
h—0 h



14. Evaluate: lim 21;2
r—=—2x°—1—06

15. Evaluate: lim 9-t

t—>93_\/£

16. Evaluate: lim ﬂ

t—0 t

2 _
17. Evaluate: lim x 81

x—9 \/5—3

1 1
18. Evaluate: lim S——
=0 L\/l +1t t}

19. Evaluate: lim I

z—=04/14+3x—1



20. Evaluate: lim w
r—2 3;‘2 — 4

21. Evaluate: lim +/16 — 22

r—4-

22. Evaluate: lim |z + 4|
r——4

-2
23. Evaluate: lim = = 2|
z—=2 1 — 2

24. Evaluate: lim |||
z—21

25. Evaluate: lim |[z]]
r——2.4



26. Evaluate: lim Va2 +2x—2

z—1t

-1 if <0
27. The signum function, denoted by sgn is defined by: sgn(z) = 0 if £ =0 . Sketch the graph of this function
1 if >0
and then find the limits a-d listed below:

(@) lim sgn(z)
(b) lil'él_ sgn(x)
(c) hi% sgn(z)

d) i
@ lim [sgn(o)

2 —2rx+2 if <1 . . . . e
28. Let f(x) = { 3. fr>1 Find ﬂD1;1111+ ), ml;r{lﬁ f(z) and then a11_)ml f(z) if it exists.

29. If n is an integer, find lim ||z|| and lim |||
T—n— z—nt

10



30. For what values of a will lim ||z exist?
r—a

2
-1
= h Find lim f(z), lim f(z)and lim f(z) if they exist.

31. Let f(x)

32. Evaluate: lim E

11



-z if x<2
33. Given f(z) = Y1 iz , find }1_>r112 f(z), if it exists.

o R W

_ p2 i
34. Given f(z) = { 1 ) E ii} find lim f(2), if it exists.

br —2 if <3

3. Give“f(z):{ 2245 if >3

find lim f(x), if it exists.
r—3

12



33—z if <2
36. Given f(z) = 2 i @=2 find lim f(x), if it exists.
5 i a>2 v

22—-2 if <2

37. Given f(z) = { Az ifzs9° find g%gnQ f (), if it exists.

1 .
38. Given f(z) = { p— o<1 find lim f(x), if it exists.

-2 45 if x>1 =1

13



Find the vertical asymptotes (if any) of the following functions.

39. f(z) = fis

40. f(z) = z” :§5
41. f(z) = 5;1—31

42. f(z) = %

14



22—z —20

B 1@ =m0
22 4+5x+6
44. f(ff):?
22 +5x+6
W f@) = — g

15



Limits of the Trigonometric Functions

sin 4x

1. Evaluate: lim
x—0 xX

sin 9x
2. Evaluate: lim —
z—0 sin 7x

. 3z
3. Evaluate: lim — -
z—0 sin bz

2

4. Evaluate: lim —
z—0 sin” 3z

5. Evaluate: lim
z—0 COS T

16



6. Evaluate: lim

1 —cos2x

z—0 4x
tanx
7. Evaluate: lim
x—0 x
1 —cos8x
8. Evaluate: lim ————
x—0 sin 3x
2
T 3x
9. Evaluate: lim ,+
z—0 SInx

17



Formal Definition of Limit

1. How close to 3 do we have to take = so that 6x + 1 is within 0.1 units of 19?

1
2. How close to 2 do we have to take = so that — is within 0.5 units of 0.5?
T

T S
3. How close to 1 do we have to take = so that 22 is within 3 units of 1?

Prove the following limits using the formal definition of limit.

4. lim 3z —2) =4

x—2

18



5. lim (52 +8) =3
z——1

19



8. limx=a
r—a

9. lima2%2=0
x—0

10. lim (2* —4z +5) =1
r—2

20



11. lim (2% -1) =

r——2

12. lim (2 + 52 + 6) = 30
r—3

13. lim (2> +2—4) =8

r—3

21



Continuity

1. From the graph below, state where the function is discontinuous and state why (using the definition of continuity at a
number.)

N

2. Use the definition of continuity at a number to show that f(z) = 2* — 52 + 6 is continuous at z = 3.

3. Use the definition of continuity at a number to show that f(z) = 1 + Va2 — 9 is continuous at z = 5.

22



w

4. Use the definition of continuity at a number to show that f(t) = is continuous at t = —8.

(t+1)*

1
5. Explain why f(x) = CEnE is discontinuous at x = 1.
Tz
1 if z 41
6. Explain why f(x) = (x —1)2 v is discontinuous at x = 1.
0 if z=1

2 .
7. Explain why f(z) = { . 5 2 E z i 2 is discontinuous at z = 3.

23



cr+1 if <3

. be continuous on (—o0, 00)?
cx2—-1 if >3 ( ,00)

8. For what value of the constant ¢ will f(z) = {

2z if z<1
9. Find the values of the constants ¢ and d that will make h(z) = ¢ cxz?+d if 1 <z <2 continuous on (—o0,00).
4x if x>2
. o o 2?2 -2z -8, . .
10. Use the definition of continuity at a number to determine if f(z) = R — is continuous for all real numbers. If it

is not, determine if the discontinuity is removable or essestial. If the discontinuity is removable, redefine f so that f is
continuous for all real numbers.

24



3
x° + 64
11. Use the definition of continuity at a number to determine if f(z) = % is continuous for all real numbers. If it
x

is not, determine if the discontinuity is removable or essestial. If the discontinuity is removable, redefine f so that f is
continuous for all real numbers.

3—
9

is not, determine if the discontinuity is removable or essestial. If the discontinuity is removable, redefine f so that f is
continuous for all real numbers.

12. Use the definition of continuity at a number to determine if f(x) = is continuous for all real numbers. If it

25



6+ if <=2
13. Consider the following function: f(z) = 2—z if —2<2<2
2z—1 if x>2
Determine at what values of z is the function discontinuous. Make sure you answer completely by using tests for
continuity at a number.

14. Determine at what values of x the following function is discontinuous. Make sure you answer completely by using tests
for continuity at a number.

2—-9 if x <=3

fl@y=< 9—-2* if —3<x<3
3xr+2 if x>3

26



Intermediate Value Theorem

15. Given f(x) = 23 — 2% + x, show that there is a number c such that f(c) = 10.

16. Given g(x) = 2° — 223 + 2% + 2, show that there is a number ¢ such that g(c) = —1.

17. Use the intermediate theorem to show that f(z) = 23 — 3z + 1 has a zero on the interval (0, 1) without finding the actual
Zeros.

3

Use the intermediate theorem to show that f(x) = 2® — 2% + 2z — 1 has a zero on the interval (0, 1) without finding the

actual zeros.

27



Limits at Infinity and Horizontal Asymptotes

1. Evaluate: lim

1
Tr—ro0 m

z+4
2. Evaluate: li o=
valuate :I:Lnolo 2 —-922+5

3. Evaluate: lim (A -2)2+x)

1
4. Evaluate: li
valuate zgrol03+\/5

4 .2 1
5. Evaluate: lim r-r+l
r—oo 1 + r3 _y

28



/ 2
6. Evaluate: lim ﬂ

1 —
7. Evaluate: lim J

8. Evaluate: lim (\/mz +1- \/332 — 1)
T—0o0

9. Evaluate: lim (V1+z—+x)

10. Evaluate: lim /z
Tr—r00

11. Evaluate: lim (z — /z)

T—00

29



12. Evaluate: lim (23 — 52%)

T——00

' —1
13. Evaluate: lim 5

14. Evaluate: lim VIt 3

15. Evaluate: lim Ve +3

T——00 1‘—|—3

Find the vertical and horizontal asymptotes of each curve. You must show the limits you take to find these asymptotes.
You cannot justify an asymptote without a limit!

T
r+4

16. f(z) =

30



3

17. f(z) = T
18. f(z) = {y%j

1o, fr) == =2

20. f(z) = i;;

31



Limits Review

1-4. Determine if the following statements are true or false. Include your reasoning.

T E R L
z—>1 22+ 2 —4 liml(x2+2x74)
T—r

2. If f(z) > 1V and lim f(x) exists, then lim f(z) > 1.
z—0 z—0

3. Let f be a function such that lir% f(z) = 6. Then there exists a number ¢ such thatif 0 < |z| < 4, then |f(x) — 6] < 1.
z—

4. If p is a polynomial, then lint p(z) = p(b).
z—

5. Evaluate: lim \/z + vz
r—4

t+1
6. Evaluate: lim L
t——113 — ¢t

32



2 _
7. Evaluate: lim w
h—0 h

2
—xz—2
8. Evaluate: lim x x

z—-122+ 3z —2

9. Evaluate: lim 177
t—0 (t — 6)2

4 —
10. Evaluate: lim Vs
s—16 § — 16

11. Evaluate: lim |2 = 8|
z—8~ T — 8

33



1—+v1—22

12. Evaluate: lim
x—0 x€x

2
13. Evaluate: lim 1+2s -2

z—00 1 — x + 222

2 -9
14. Evaluate: li
valuate: lim —-—

29
15. Evaluate: lim yr—2
z——o00 20 — 6

34



16. Evaluate: lim ({f— E)

T—00 3

17. Prove: lim (7x — 27) =8
r—5

18. Prove: lim (2 — 3z) = —2
r—2

35



vV—z if ©<0
19. Consider the function: f(x) = 33—z if 0<xz<3.
(r—3)2 if x>3

(@) lim f(z)
®) lim f(z)
© Jim 1)
@ lim f(z)

() lim f(z)

(f) lim f(x)

z—3

20. Use the Intermediate Value Theorem to show that 2% + 22 + 2 = 0 has a root on the interval (—2, —1). Do not solve
the equation!

21. If f is continuous on [3, 5] and f(3) = —4 and f(5) = 6, what conclusion can you make about f(z) = 0 based on the
Intermediate Value Theorem?
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